An a u t o m a t i c s y s t e m f o r p l a n n i n g s a f e t r a j e c t o r i e s f o r a computer c o n t r o l l e d m a n i p u l a t o r among o b s t a c l e s i s a key component o f r o b o t assembly operations. This paper describes an a l g o r i t h m t r a n s f o r m i n g C a r t e s i a n o b s t a c l e s i n t o o b s t a c l e s i n t h e space o f t h e f i r s t t h r e e j o i n t s o f a m a n i p u l a t o r w i t h s i x r e v o l u t e j o i n t s (e.g. a ACMA-CRIBIER V80), and g i v i n g a h i e r a r c h i c a l d e s c r i p t i o n o f t h e f r e e space by mean o f an o c t r e e .
An a u t o m a t i c s y s t e m f o r p l a n n i n g s a f e t r a j e c t o r i e s f o r a computer c o n t r o l l e d m a n i p u l a t o r among o b s t a c l e s i s a key component o f r o b o t assembly operations. This paper describes an a l g o r i t h m t r a n s f o r m i n g C a r t e s i a n o b s t a c l e s i n t o o b s t a c l e s i n t h e space o f t h e f i r s t t h r e e j o i n t s o f a m a n i p u l a t o r w i t h s i x r e v o l u t e j o i n t s (e.g. a ACMA-CRIBIER
V80), and g i v i n g a h i e r a r c h i c a l d e s c r i p t i o n o f t h e f r e e space by mean o f an o c t r e e . Such a d e s c r i p t i o n i s v e r y u s e f u l i n t e s t i n g f o r c o l l i s i o n between the arm o f t h e m a n i p u l a t o r and o b s t a c l e s s i n c e i t i s represented by a p o i n t i n t h i s space.

INTRODUCTION
W e f i r s t d e s c r i b e d i f f e r e n t t y p e s o f algorithms that can be used i n o b s t a c l e avoidance problems and t h e u s e f u l n e s s o f t h e r e p r e s e n t a t i o n o f f r e e space we propose f o r solve these problems. S e c t i o n 2 d e s c r i b e s t h e t r a n s f o r m a t i o n a l g o r i t h m . S e c t i o n 3 d e s c r i b e s some examples o f a l g o r i t h m s u s i n g t h i s r e p r e s e n t a t i o n .
Obstacle avoidance alqorithms
The s i m p l e s t a l g o r i t h m f o r p l a n n i n g f r e e p a t h s amongst obstacles uses the generate and t e
s t method. A s i m p l e p a t h f r o m s t a r t t o g o a l i s hypothesized and i s t e s t e d f o r p o t e n t i a l c o l l i s i o n s . I f a c o l l i s i o n i s detected, a new p a t h i s p r o p o s e d u s i n g i n f o r m a t i o n a b o u t t h i s c o l l i s i o n . T h i s i s repeated u n t i l no c o l l i s i o n s a r e d e t e c t e d a l o n g t h e p a t h . I n t h e c a s e o f
a manipulator such an a l g o r i t h m can be described i n t h r e e s t e p s : 1 -c a l c u l a t e t h e v o l u m e swept out by the manipulator along the proposed path 2-determine the overlap between the swept volume and t h e o b s t a c l e s 3-propose a new p a t h Such an a l g o r i t h m p r e s e n t s s e v e r a l d i f f i c u l t i e s and drawbacks. F i r s t , c a l c u l a t i n g t h e volume swept o u t by a m a n i p u l a t o r w i t h r e v o l u t e j o i n t s A n o t h e r i m p o r t a n t p r o b l e m l i e s i n t h e r e l a t i o n s h i p between the second and t h e t h i r d steps. The i n f o r m a t i o n we can expect from the second s t e p i s o n l y l o c a l ( i . e .
i t concerns only a p a r t o f t h e p a t h and a p a r t o f t h e m a n i p u l a t o r ) . As t h e m a n i p u l a t o r c o n s i s t s i n s e v e r a l p a r t s l i n k e
d t o g e t h e r , i t i s d i f f i c u l t t o f i n d good h e u r i s t i c s t o m o d i f y t h e p a t h s . B u t even w i t h good h e u r i s t i c s , t h e l o c a l c h a r a c t e r o f t h i s method makes impossible great changes i n t h e p a t h .
So t h e p r o p o s e d p a t h s a r e g e n e r a l l y n o t s h o r t r e l a t i v e t o some c r i t e r i a we would l i k e t o m i n i m i z e ( e . 9 . e x e c u t i o n t i m e o f t h e p a t h b y t h e m a n i p u l a t o r ) .
For these reasons, another type of a l g o r i t h m has been used independently f o r m a n i p u l a t o r o b s t a c l e a v o i d a n c e by Udupa (1) and Lozano-Perez ( 2 -3 ) .
I n t h i s method, t h e g o a l i s t o s i m p l i f y t h e d e s c r i p t i o n o f t h e m o v i n g o b j e c t w h i l e t r a n s f o r m i n g t h e o b s t a c l e s s u c h t h a t a n o v e r l a p between the new o b j e c t and t h e new o b s t a c l e s i s e q u i v a l e n t t o an o v e r l a p b e t w e e n t h e o r i g i n a l ones. The f i r s t t w o s t e p s o f t h e a l g o r i t h m described above a r e t h e n s i m p l i f i e d .
Udupa's work concerned the Standford arm. I t u s e d t h e f a c t t h a t t h i s m a n i p u l a t o r i s composed o f t w o l i n k e d o b j e c t s , one o f them ( t h e boom) b e i n g much l a r g e r t h a n t h e o t h e r ( t h e forearm). The m a n i p u l a t o r i s decomposed i n these two parts which are then approximated by c y l i n d e r s . An a b s t r a c t i o n s p a c e i s constructed by computing t h e f o r b i d d e n r e g i o n s f o r t h e boom t i p i n s p h e r i c a l c o o r d i n a t e s . The volume swept out by the boom i n t h i s space i s represented by a c u r v e and t h e above a l g o r i t h m c a n be a p p l i e d e a s i l y . When a c o l l i s i o r l f r e e p a t h f o r t h e boom has been found, a p a t h f o r t h e f o r e a r m i s searched along the boom t i p l o c u s u s i n g h e u r i s t i c s based on t h e -t h e b o d y w h i c h c a n r o t a t e a b o u t a v e r t i c a l a x i s ( j o i n t 41)
-the upperarm attached to the body by an h o r i z o n t a l a x i s i n t e r s e c t i n g t h e f i r s t one ( j o i n t 92) -the forearm attached to the upperarm by an h o r i z o n t a l a x i s ( j o i n t 43) -t h e hand a t t a c h e d t o t h e w r i s t b y t h r e e i n t e r s e c t i n g a x i s ( j o i n t s q4,q5,q6) we c a l l arm o f t h e m a n i p u l a t o r t h e u n i o n o f t h e body,the upperarm and the forearm.
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F i q u r e i : t h e ACMA-CRIBIER V80 m a n i p u l a t o r .
W e now d e f i n e some n o t a t i o n s u s e d i n t h e f o l l o w i n g . W e denote by E t h e t h r e e d i m e n s i o n n a l C a r t e s i a n space.
Q=QlXQ2XQ3 i s t h e s e t o f v a l u e s t h a t j o i n t s (q19q2,q3)=q can take according t o t h e c o n s t r u c t i o n a l c o n s t r a i n t s of t h e m a n i p u l a t o r . Q i , i = 1 , 3
i s an i n t e r v a l c o n t a i n e d i n t o Aldesignes the body, A2 t h e upperm, A3 t h e forem and A=AlUA2UA3 t h e arm.
A C a r t e s i a n o b s t a c l e w i The r e a l volumes Al,A2,A3 a r e o f course complicated. Since we have seen t h a t a r o u g h a p p r o x i m a t i o n o f t h e arm s u f f i s e s i n most o f t h e cases, we r e p l a c e them by bounding volumes made o f a c y l i n d e r ended by hemispheres, a l l o f t h e same r a d i u s R. L e t S i , i=l t o 3 be, t h e l i n e segments such t h a t A i i s t h e s e t o f p o i n t s d i s t a n t o f l e s s than R from S i and s = 5 l u s z u s 3~ I t can be seen e a s i l y t h a t T(U) can be defined a s t h e s e t o f p o i n t s q o f Q s u c h t h a t
S ( q )
overlaps the grown obstacle G(0). G
i s defined as t h e s e t o f p o i n t s o f E d i s t a n t o f l e s s t h a n R from 0. B e f o r e we g i v e an i m p o r t a n t lemma which i s t h e b a s i s o f t h e p r a c t i c a l a l g o r i t h m , n o t i c e t h a t t h e r e p r e s e n t a t i o n o f a C a r t e s i a n p o s i t i o n i n t h e j o i n t s space i s n o t unique. I f ( q l Y q 2 , q 3 ) i s a representation then (ql+pi,pi-q2,-q3) i s a l s o a r e p r e s e n t a t i o n o f t h e same p o s i t i o n . F o r t h i s reason, we o n l y c o n s i d e r a p a r t o f T ( 0 ) i n t h e f o l l o w i n g and the other can be deduced from i t u s i n g t h e r e l a t i o n above. Lemma : I f t h e C a r t e s i a n o b s t a c l e 0 i s convex, the transformed obstacle T(0)can be w r i t t e n :
T ( o ) = U q l m Uq2<12(ql) q l X q2 X 13 (q19q2) where I i i s an i n t e r v a l i n c l u d e d i n Q i .
P r o o f : n o t i c e f i r s t t h a t segments S i a r e c o n t a i n e d i n a v e r t i c a l p l a n e d e f i n e d by j o i n t q l . So we can w r i t e T ( 0 )
, where Oql i s t h e o v e r l a p between 0 and such a plane.
I1 i s t h e s e t i n c l u d e d i n Q l s u c h t h a t T ( 0 q l ) i s n o t empty, t h a t i s t h e r e e x i s t s q2 and q3 s u c h t h a t S ( q ) o v e r l a p s w i t h G(Dq1)
. P e t 6 1 be t h e common end o f S 1 and 52, and 12 and 13
t h e r e s p e c t i v e l e n g t h o f 52 and S3. I f t h e d i s t a n c e o f B 1 t o G(Oq1) i s g r e a t e r t h a n 12+13 , t h e n T(Oq1) i s empty. W e c o n c l u d e t h a t I1 can be d e f i n e d as t h e s e t o f a n g l e ql s u c h t h a t t h e sphere centered i n 61 o f r a d i u s R o v e r l a p s with G(Oq1). As t h i s sphere and G(0) are convex, i t can be seen e a s i l y t h a t I1 i s a l s o convex and SO i s an i n t e r v a l .
W e now examine t h e s e t T(Oq1). I t i s c l e a r t h a t i t can be w r i t t e n :
T(Oq1) = q l X TP (Oq1) where TP i s t h e t r a n s f o r m a t i o n o f a C a r t e s i a n o b s t a c l e c o n t a i n e d i n t o a p l a n c o n t a i n i n g a x i s z i n t o t h e j o i n t s space ( q2,q3). Pet B2 be t h e common end o f 52 and 53. I f t h e d i s t a n c e o f 82 t o G(Oq1) i s g r e a t e r t h a n 13, then the overlap between 53 and G(0ql) i s c l e a r l y empty and we c a n d e f i n e I 2 as t h e s e t o f angles q2 s u c h t h a t S2 o v e r l a p s with G(Oq1) or t h i s d i s t a n c e i s l e s s than 13. ( Figure  2 ). If 13 i s g r e a t e r t h a n 12 t h e F i r s t c o n d i t i o n i s i m p l i e d by t h e second.
F i q u r e 2 : D e f i n i t i o n o f t h e s e t 12.
-the body which can rotate about a v e r t i c a l a x i s ( j o i n t 41) -the upperarm attached to the body by an h o r i z o n t a l a x i s i n t e r s e c t i n g t h e f i r s t one ( j o i n t 92) -the forearm attached to the upperarm by an h o r i z o n t a l a x i s ( j o i n t 43) -t h e hand a t t a c h e d t o t h e w r i s t b y t h r e e i n t e r s e c t i n g a x i s ( j o i n t s q4,q5,q6) we c a l l arm o f t h e m a n i p u l a t o r t h e u n i o n o f t h e body,the upperarm and the forearm.
gk F i q u r e i : t h e ACMA-CRIBIER V80 m a n i p u l a t o r .
Q=QlXQ2XQ3 i s t h e s e t o f v a l u e s t h a t j o i n t s ( q l , q Z 9 q 3 ) = q c a n t a k e a c c o r d i n g t o t h e c o n s t r u c t i o n a l c o n s t r a i n t s of t h e m a n i p u l a t o r .
Qi, i = 1 , 3 i s an i n t e r v a l c o n t a i n e d i n t o Aldesignes the body, A2 t h e upperm, A3 t h e forem and A=AlUA2UA3 t h e arm.
A C a r t e s i a n o b s t a c l e w i l l be denoted by 0 and i t s corresponding transformed obstacle by T(0). T(0) i s d e f i n e d as t h e s e t o f p o i n t s q of Q s u c h t h a t A ( q ) o v e r l a p s w i t h 0.
-p i 7 + p i e
2-2 s i m p l i f i n q t h e p r o b l e m
The r e a l volumes Al,A2,A3 a r e o f course complicated. Since we have seen t h a t a rough approximation of the arm s u f f i s e s i n most o f t h e cases, we r e p l a c e them by bounding volumes made o f a c y l i n d e r ended by hemispheres, a l l o f t h e same r a d i u s R. L e t S i , i=l t o 3 be, t h e l i n e segments such t h a t A i i s the set of p o i n t s d i s t a n t o f l e s s than R from S i and 5=SluSZuS3, I t can be seen e a s i l y t h a t T ( 0 ) c a n be d e f i n e d a s t h e s e t o f p o i n t s q o f Q such that S(q)
o v e r l a p s t h e g r o w n o b s t a c l e G
(O). G(O) i s d e f i n e d as t h e s e t o f p o i n t s
o f E d i s t a n t o f l e s s t h a n R from 0. B e f o r e we g i v e an i m p o r t a n t lemma which i s t h e b a s i s o f t h e p r a c t i c a l a l g o r i t h m , n o t i c e t h a t t h e r e p r e s e n t a t i o n o f a C a r t e s i a n p o s i t i o n i n t h e j o i n t s space i s n o t unique. I f ( q l Y q 2 , q 3 ) i s a r e p r e s e n t a t i o n t h e n ( q l + p i , p i -q Z 7 -q 3 ) i s a l s o a r e p r e s e n t a t i o n o f t h e same p o s i t i o n . For t h i s reason, we o n l y c o n s i d e r a p a r t o f T ( 0 ) i n t h e f o l l o w i n g and the other can be deduced from i t u s i n g t h e r e l a t i o n above. Lemma : I f t h e C a r t e s i a n o b s t a c l e 0 i s convex, the transformed obstacle T(0)can be w r i t t e n :
T ( n ) = U q l 4 1 " q 2 < I Z ( q l ) q l X q2 X I 3 ( q l , q 2 )
where I i i s an i n t e r v a l i n c l u d e d i n Qi.
P Oq1) . As t h i s sphere and G(0) are convex, i t can be seen e a s i l y t h a t I1 i s a l s o convex and SO i s an i n t e r v a l .
W e now examine t h e s e t T(Oq1). I t i s c l e a r t h a t i t can be w r i t t e n :
T(Oq1) = q l X TP (0ql) where TP i s t h e t r a n s f o r m a t i o n o f a C a r t e s i a n o b s t a c l e c o n t a i n e d i n t o a p l a n c o n t a i n i n g a x i s z i n t o t h e j o i n t s space ( q2,q3).
Pet B2 be t h e common end o f 52 and 53. I f t h e d i s t a n c e o f 82 t o G(Oq1) i s g r e a t e r t h a n 13, then the overlap between 53 and G(Oq1) i s c l e a r l y empty and we c a n d e f i n e I 2 as t h e s e t o f angles q2 s u c h t h a t S2 o v e r l a p s with G(Oq1) or t h i s d i s t a n c e i s l e s s t h a n 1 3 . ( F i g u r e 2). If 13 i s g r e a t e r t h a n 12 t h e f i r s t c o n d i t i o n i s i m p l i e d by t h e second.
52
F i q u r e 2 : D e f i n i t i o n o f t h e s e t
12.
W e now show t h a t I 2 d e f i n e d w i t h o n l y t h e s e c o n d c o n d i t i o n is convex. Pet q21 and qZ2 be two e l e m e n t s o f 1 2 . I f t h e y are both such t h a t 52 o v e r l a p s w i t h G(Oq1) which is convex, i t is e a s y t o see that any q2 between q21 and q22 is i n 12. Else t h e y c o r r e s p o n d t o two p o s i t i o n s of 8 2 , 821 and 822, and we s u p p o s e t h a t f o r a n y q2 betweem them S2 d o e s n ' t o v e r l a p w i t h G(Oq1). ( i f n o t w e c u t t h e s e g m e n t q 2 1 , q 2 2 i n t h r e e p a r t s which f a l l i n o n e o f t h e two c a s e s ) . T h e r e e x i s t two p o i n t s M 1 and M2 of G(Oq1) s u c h t h a t D(B21,Ml) and D(B22,MZ) a r e b o t h less t h a n 13 and i t c a n b e s e e n t h a t i n t h o s e c o n d i t i o n s t h e d i s t a n c e f r o m 8 2 t o t h e s e g m e n t Ml,M2 can only have a minimum when q 2 d e s c r i b e s t h e segment q21,q22 (figure 3).
From t h e c o n v e x i t y of G(Oql),
we d e d u c e t h a t 9 2 is i n 12, which is t h e n c o n v e x a n d a n i n t e r v a l c o n t a i n e d i n 42.
B1
B22
F i q u r e 3 I f q2 is s u c h t h a t 52 o v e r l a p s w i t h G(Oql), it is c l e a r t h a t t h e w h o l e i n t e r v a l 43 must be forbidden and so I 3 ( q l , q 2 ) = 43.
Else, t h e f o r b i d d e n s e t f o r q 3 is s u c h t h a t 5 3 o v e r l a p s G(Dq1). Again, i t is e a s y t o see u s i n g t h e c o n v e x i t y o f G(Oq1) t h a t I3 is convex and an i n t e r v a l i n c l u d e d i n
43 ( f i g u r e 4). That proves t h e lemma.
F i q u r e 4 : D e f i n i t i o n o f t h e set 13.
2-3 The d e s c r i p t i o n o f o b s t a c l e s . W e can now choose a d e s c r i p t i o n o f t h e o b s t a c l e s t h a t s i m p l i f i e s t h e t r a n s f o r m a t i o n . First, we h a v e t o d e s c r i b e them as u n i o n s o f convex sets. Then, we h a v e
s e e n t h a t t h e t r a n s f o r m a t i o n i n v o l v e s t h e d e t e r m i n a t i o n o f i n t e r v a l s u s i n g t h e C a r t e s i a n d i s t a n c e f r o m a p o i n t t o t h e grown o b s t a c l e or t h e s e a r c h o f t a n g e n t p o i n t s b e t w e e n a segment and the grown o b s t a c l e . (we d e f i n e M a s a t a n g e n t p o i n t i f t h e overlap between the segment and the grown o b s t a c l e is e q u a l t o M and is n o t a n e x t r e m i t y of t h e s e g m e n t ) .
All t h e s e o p e r a t i o n s a r e q u i t e s i m p l e i f t h e grown o b s t a c l e i s a polyhedron o r a sphere and we will use such approximations of t h e grown o b s t a c l e s .
W e can expect two d i f F e r e n t s o u r c e s f o r t h e d e s c r i p t i o n o f t h e w o r l d . W e can use g e o m e t r i c m o d e l s o f t h e o b j e c t s g i v e n by a CAD system o r t h e i n f o r m a t i o n g i v e n
by a 3-D s e n s o r . I n t h e l a s t case, t h e i n f o r m a t i o n c a n b e condensed into a polyhedron and then a h i e r a r c h i c a l s t r u c t u r e , t h e p r i s m -t r e e d e s c r i b e d by Faugeras and Ponce 2-4 t h e t r a n s f o r m i n q a l q o r i t h m .
c t s will b e t h e i n p u t o f t h e g r o w i n g a l g o r i t h m t h a t g e n e r a t e s p o l y h e d r a a n d s p h e r e s a s o u t p u t . A b a s i c o b j e c t i s d e f i n e d by its t y p e a n d p a r a m e t e r s o f s i z e a n d p o s i t i o n .
W e d e s c r i b e h e r e i n d e t a i l s t h e case o f a polyhedron as grown obstacle.
The case o f a sphere i s e a s i e r a n d v e r y s i m i l a r . W e must keep i n mind that our purpose i s t o b u i l d an o c t r e e i n t h e j o i n t space o f t h e
arm.
An o c t r e e i s a t r e e o f degree eight which d e s c r i b e s h i e r a r c h i c a l l y t h e space contained i n t o a c u b o i d t h a t f o r m s t h e r o o t . The sons o f a node a r e t h e e i g h t c u b o i d s o b t a i n e d i n c u t t i n g t h e f a t h e r b y p l a n e s p a r a l l e l t o t h e f a c e s
and c o n t a i n i n g i t s c e n t e r . The nodes can be l a b e l l e d as Full,Empty,or Mixed depending on whether they a r e e n t i r e l y i n a 64X64X64 t h a t we have t o f i l l u s i n g t h e t r a n s f o r m i n g a l g o r i t h m .
W e denote dql,dq2,dq3
t h e i n c r e m e n t s on t h e v a r i o u s angles. The t r a n s f o r m i n g a l g o r i t h m u s e s t h e r e s u l t s o f t h e lemma and can be d e s c r i b e d a s f o l l o w s : 1 -c u t t h e p o l y h e d r o n i n t o s l i c e s b y p l a n e s c o n t a i n i n g t h e z a x i s and a v e r t e x ; 2 -f o r a l l t h e s l i c e s do :
I f the distance between B 1 a n d t h e s l i c e i s l e s s t h a n 12+13 t h e n Cut t h e s l i c e i n t o s u b -s l i c e s o f t h i c k n e s s d q l ; compute TP(Oq1); E l s e n e x t s l i c e ; end; So, the computation of TP (Oq1) 
As we want t o use the neighbor i n f o r m a t i o n i n t h e f o l l o w i n g we choose t o number t h e nodes as i f t h e o c t r e e was f u l l up. A t each l e v e l 1, t h e v o x e l s a r e d e f i n e d b y t h r e e i n t e g e r coordinates nl,n2,n3 between 0 and 2l-1. The corresponding node i n t h e o c t r e e w i l l be denoted (l,nl,n2,n3).
H i s f a t h e r i s t h e n g i v e n b y (l-l,nl/Z,nZ/Z,n3/2) and h i s e i g h t sons by ( 1 + l , n ' l 9 n ' 2 , n ' 3 ) w i t h n ' i = 2 n i o r 2 n i + l .
With t h i s r e p r e s e n t a t i o n , o n l y t w o b i t s a r e necessary for each cell. Their meaning i s t h e f o l l o w i n g : 1 1 = t h e node i s e n t i r e l y f u l l . on two o f t h e s e edges t h a t r e m a i n on these edges u n t i l t h e s e t o f edges n concerned with q2 changes. The p a r t o f I 2 ( q l ) i n which 52 o v e r l a p s G(Oq1) ( t h a t i s I 3 43) c a n b e e a s i l y computed and i s denoted by IZo(q1). 
3-AUGORITHMS USING T H I S REPRESENTATION. W e d e s c r i b e h e r e t w o a l g o r i t h m s u s i n g t h i s
r e p r e s e n t a t i o n o f t h e m a n i p u l a t o r environment. The f i r s t one t e s t s f o r o v e r l a p between the arm and obstacles along a C a r t e s i a n p a t h f o r t h e w r i s t . The second one searches f o r a s h o r t p a t h f o r t h e arm i n t h e graph o f t h e n e i g h b o r s o f t h e o c t r e e r e l a t i v e t o a p r e -s p e c i f i e d c r i t e r i o n .
3-1 t e s t i n q a C a r t e s i a n p a t h .
Such an algorithm can be used i n t h e f i r s t s t e p o f t h e f i n d p a t h p r o b l e m when t h e search i s l e d b y t h e c o n f i g u r a t i o n o f o b s t a c l e s around the end e f f e c t o r . The f i r s t s t e p i s t o f i n d a n a p p r o x i m a t i o n o f t h e C a r t e s i a n p a t h made o f s u c c e s s i v e l i n e segment motions i n t h e j o i n t s space o f t h e arm.
Then we t e s t i f each o f t h e s e segments i s c o n t a i n e d i n the free space described by the o c t r e e . L e t q i and q f b e t h e e x t r e m i t i e s o f s u c h a segment. S t a r t i n g with t h e r o o t o f t h e o c t r e e , we f i r s t f o l l o w a branch u n t i l we f i n d a f u l l or an empty node c o n t a i n i n g q i or q f . P e t N i and N f be these nodes.
If one o f them i s f u l l we r e t u r n False. I f N i i s e q u a l t o N f we r e t u r n True.
E l s e , we compute t h e i n t e r s e c t i o n s q i ' and q f ' between the segment and t h e s u r f a c e o f nodes N i and N f and we c a l l r e c u r s i v e l y f o r t h e t e s t o f segment ( q i ' , q f ' ) .
I n o r d e r t o i n s u r e t h e new p o i n t s w o n ' t b e i n t h e same c e l l s as t h e o l d ones, these are grown by a s m a l l d i s t a n c e . This a l g o r i t h m i s v e r y e f f i c i e n t t o t e s t f o r c o l l i s i o n between the whole arm o f ' t h e m a n i p u l a t o r and o b s t a c l e s .
3-2 s e a r c h i n q a s h o r t p a t h f o r t h e arm.
Such an algorithm can be used i n t h e second step o f a f i n d i n g f r e e p a t h p r o b l e m when l o o k i n g f o r l a r g e m o t i o n o f t h e arm t h a t minimizes a p r e -s p e c i f i e d c r i t e r i a . I t uses the graph o f n e i g b o r s o f t h e o c t r e e and i s d e r i v e d f r o m t h e w e l l known A* a l g o r i t h m . This a l g o r i t h m a l l o w s t h e u s e o f h e u r i s t i c i n f o r m a t i o n . I n i t i a l l y , t h e s t a r t node i s p l a c e d on a l i s t o f c a n d i d a t e n o d e s f o r e x a m i n a t i o n ( t h e OPEN l i s t ) . A t e a c h s t e p o f t h e a l g o r i t h m , t h e node with minimum t o t a l p a t h c o s t e s t i m a t e ( i . e . a c t u a l c o s t o f r e a c h i n g t h e node f r o m t h e s t a r t p l u s an e s t i m a t e o f t h e c o s t t o t r a v e l f r o m t h e node t o the goal node) i s moved o n t o a CL'OSE l i s t and i t s n e i g b o r s a r e p l a c e d on t h e OPEN l i s t .
The search ends when t h e g o a l node i s moved o n t o t h e CLOSE l i s t . The a l g o r i t h m f i n d s a n o p t i m a l p a t h when t h e e s t i m a t e c o s t i s a l o w e r bound o f t h e t r u e c o s t .
W e f i r s t c o n s i d e r t h e n e i g h b o r -f i n d i n g a l g o r i t h m . Let (l, nl, n2, n3) be a node o f t h e o c t r e e . W e want t o f i n d a l l i t s empty neighbors i n t h e o c t r e e . The n e i g h b o r s o f a node are the nodes t h a t s h a r e a f a c e with i t . A t l e v e l 1, t h e r e e x i s t s i x c e l l s n e i g h b o r i n g t h i s node, b u t t h e y may n o t be i n the octree. Consider The c r i t e r i o n we want t o m i n i m i z e i s t h e e x e c u t i o n t i m e o f t h e p a t h b y t h e m a n i p u l a t o r . As we work i n t h e j o i n t s space o f t h e arm t h e p a t h w i l l b e d e f i n e d b y a s u c c e s s i o n o f l i n e segments i n t h i s space. The t i m e f o r s u c h a p a t h includes two terms : one f o r t h e m o t i o n a t constant speed and one f o r t h e changes o f speed.
For a segment,' t h e f i r s t one i s p r o p o r t i o n a l t o t h e maximum a n g l e o f r o t a t i o n o n t h e d i f f e r e n t axis and the second one t o t h e maximum change o f r o t a t i o n speed on t h e d i f f e r e n t a x i s . This second term i s d i f f i c u l t t o compute because we d o n ' t o n l y n e e d t h e c u r r e n t n o d e but a l s o t h e p r e v i o u s one. I f we o n l y t a k e i n t o a c c o u n t t h e f i r s t t e r m , t h e r e s u l t s a r e n o t v e r y good, b e c a u s e t h e c r i t e r i o n i s c o n s t a n t on cuboids and the choice between the nodes i n t h e same f a c e s of such surfaces i s q u i t e a r b i t r a r y . I n o r d e r t o t a k e i n t o a c c o u n t t h e c h a n g e s i n t h e d i r e c t i o n of speed, i t i s i n f a c t b e t t e r t o choose the C a r t e s i a n d i s t a n c e w i c h g i v e s r e s u l t s s i m i l a r t o t h e c o m p l e t e c r i t e r i o n but i s much e a s i e r 
